We investigate the enhanced electric dipole-dipole interaction by surface plasmon polaritons (SPPs) supported by the planar metal film waveguide. By taking two nitrogen-vacancy (NV) center electric-dipoles in diamond as an example, both the coupling strength and collective relaxation of two dipoles are studied with numerical Green Function method. Compared to the two-dipole coupling on planar surface, metal film provides stronger and tunable coupling coefficients. Enhancement of the interaction between coupled NV center dipoles could have applications in both quantum information and energy transfer investigation. Our investigation provides a systematical result for experimental applications based on dipole-dipole interaction mediated with SPPs on planar metal film.
I. INTRODUCTION
Interaction between photon and atom is one of the most important topics in modern physics and applications. Mediated by photons, individual atoms can interact with each other, which has been a kernel in fundamental physics, ranging from super-radiance [1] [2] [3] to quantum entanglement [4] . Investigation on interacting atoms or molecules is also essential for the understanding of energy relaxation and high-efficiency energy transfer [5] [6] [7] [8] in chemical and biological processes [9] [10] [11] . In addition to natural atoms and molecules, artificial atoms [12, 13] with excellent tailorability and controllability could provide opportunities for studying the light-matter interaction and for developing devices with novel functions. Among these artificial atoms, nitrogen vacancy (NV) center in diamond is a very typical example. NV centers can be generated in diamond crystal with controllable distance [14] . Accompanying with outstanding features, such as long decoherence time, stable photon emission, and mature characterization and manipulation techniques by microwave and laser [15, 16] , NV centers can be well applied in quantum information techniques and biology sensing. Moreover, with the recently developed super-resolution microscopy techniques [17] [18] [19] [20] , the quantum state in NV center can be imaged and controlled at nanoscale. Therefore, the coupled NV centers promise an excellent experimental platform for the study of the photonmediated dipole-dipole interaction process not only for quantum information techniques, but also for energy transfer investigations.
In the photon-mediated dipole-dipole interaction, the coupling strength is a key parameter for qubit manipulation in quantum information techniques and for transfer efficiency in energy transfer application. In principle, in order to enhance the coupling strength in the dipole-dipole interaction, the photon-atom interaction should be increased primarily. One of the effective methods to increase the photon-atom interaction is to couple the atom with surface plasmon polari- * yap@ustc.edu.cn † fwsun@ustc.edu.cn ton (SPP) on a metal surface [21] [22] [23] with high density of states and tight spatial confinement. Recently, researchers have demonstrated that SPP can assist energy transfer between two ensembles of fluorescent molecules on thin metal film and the enhancement factor of energy transfer efficiency can be 30 [5] . Also, coupling with SPPs on metal surface will enhance the interaction between two NV centers. Compared to metal nano-wires [22, 24] , planar metal surface is easy to fabricate and has potential for scalable applications, based on that array of NV centers can be generated by ion implantation [14, 25, 26] near diamond surface with developing techniques [27] [28] [29] .
In this paper, we focused on the negatively charged NV centers in diamond near various surfaces and systematically studied the coupling strength of coupled NV centers via their electric dipoles. In detail, the collective relaxation and coherent coupling of two NV centers near to air surface, metal surface and metal film are studied numerically with Green Function (GF) method. It is found that the coupling strength between two NV centers can be enhanced by the metal surface because of the SPPs. Also, the SPPs on both sides of the metal film can mediate the coupling of the two dipoles and thus further enhance the total coupling. The thickness of the metal film can provide a way to tune the coupling strength. Our investigation will present a systematical result for the photon-mediated atoms interaction on metal surface. It also provides detailed information for experimental applications based on coupling NV centers mediated with SPPs on metal film. This paper is organized as follows. Section II describes the physical model of dipoles of NV centers, and the method we use to calculate the collective relaxation and coherent coupling of two dipoles. In Sec. III, we discuss two dipoles near to air surface. The coherent coupling and collective relaxation of two NV centers near to diamond and air interface are calculated. The lifetime of single dipole near to surface is also studied. In Sec. IV, we discuss two NV centers near to gold and silver surface, as in Sec. III. The enhancement of dipoledipole coupling is studied. In Sec. V, two NV centers near to gold film are investigated and the cases of symmetrical and asymmetrical planar waveguide are both discussed. Finally, Sec. VI is the conclusion. 
II. PHYSICAL MODEL AND METHOD
Two NV centers close to each other in diamond crystal are considered here, as shown in Fig. 1 . This is usually the case of implanted NV centers in experiment [14] . One of the two NV centers is assumed to be located at r 1 = (0, 0, z 1 ) (denoted as NV1), and the other (denoted as NV2) is located at r 2 = (x, 0, z 2 ) with a displacement r = r(sin θ cos φ, sin θ sin φ, cos θ) with respect to NV1, where r is the distance between the two NV centers, and θ and φ are the polar angle and azimuthal angle of the displacement vector, respectively. For simplicity, φ = 0 is chosen here. NV center is a multi-level artificial atom and there are linearly polarization dipoles and circularly polarization dipoles with different directions [30] . The energy levels and allowed optical transitions of NV centers have been carefully discussed [30, 31] .
Here, GF method from the electrodynamics is applied to study the coupling of NV centers. The collective relaxation and coherent coupling strength of two dipoles are described as [22, 24] :
where ← → G (r 1 , r 2 , ω A ) is the dyadic Green Function tensor of the electromagnetic field, ω A is the transition frequency of the dipole, c is the light velocity in vacuum and P c denotes the Cauchy value integral. It is noticed that we use Γ to denote the spontaneous damping rate of state amplitude, which adds a factor 1/2 compared to that of Ref. [24] . It is supposed that two dipoles d 1 and d 2 are with same transition frequency.
The Green function, ← → G , gives a full description of the field and the coupling of dipoles. However, solving the full ← → G for certain structure is usually difficult and numerical solution of the electromagnetic field equation is needed. Usually, the full
where ← → G 0 is the free GF of dipole in isotropic homogenous medium and ← → G s is the scattering GF by the structure. Single dipole couples with the electromagnetic field modes and decays from the excited state with spontaneous emission rate. When r 1 = r 2 , the collective relaxation reduced to the spontaneous damping rate Γ = 1/(2τ), where τ is the lifetime of dipole and can be measured by experiment. When the dipole is far away from the interface, the scattering GF can be eliminated and the spontaneous damping rate approaches
which is spontaneous damping coefficient in isotropic homogeneous medium. For dipoles of NV center in diamond, n = 2.418 is the refractive index. The spontaneous emission lifetime is τ 0 = 1/(2Γ 0 ) = 13.2 ns typically. Also, it is noticed that 
Since the free GF ← → G 0 has an explicit expression (see Appendix VII A), the coherent coupling and collective relaxation contributed by ← → G 0 can be obtained easily, with similar expressions in Eq. (6a) and Eq. (6b). In the following, we will focus on the scattering GF in Eq. (6a) and Eq. (6b). There are several numerical methods to calculate the scattering GF of the system. For stratified medium, the method based on the Fresnel Law of electromagnetic field and the Wely Identity is an effective one [32, 33] (see Appendix VII B). It is noted that the theory here is valid for arbitrary depth and directions of dipoles, as the equations formulated in this work. For numerical calculation, we assume that two dipoles are with the same depth and consider only some typical cases in real experiment, where the two dipoles are parallel.
III. NV CENTERS NEAR TO AIR SURFACE
NV centers in diamond are usually generated by ion implantation, with depth between several nanometers to tens of 
FIG. 2. (a)
The coherent coupling Ω (12) and collective relaxation Γ (12) for two NV center dipoles in diamond near to air surface, with different displacement along x. Two dipoles are both perpendicular to surface, e.g., d 1 ||z, d 2 ||z, and are both with depth 16 nm, e.g., nanometers. For example, under the 20 KeV energy ionimplantation, the depth of NV centers is distributed among 8 ∼ 20 nm with a maximum at about 16 nm [14] . The coupling of two dipoles near to diamond and air interface is calculated in this section.
The two dipoles can have different directions. For simplicity, two dipoles both along z axis are considered first. The collective relaxation and coherent coupling coefficients induced by scattering GF can be expressed as
They are single variable integrals and can be calculated numerically. Among them, k 1 is the wavevector in the diamond, x is the horizontal displacement as shown in Fig. 1, J 0 
, respectively. Here, since both the two dipoles are along z axis, r s doesn't appear (see Appendix VII B).
The total coupling and relaxation coefficients according to Eq. (5a) and Eq. (5b) are calculated and shown in Fig. 2(a) . We can see that, the collective relaxation coefficient near to surface is very different from that in diamond crystal. Due to the reflection of the free GF from the interface, the total GF changes considerably.
The relaxation rate (Γ) of single NV center with dipole d 1 is also affected by surface and is discussed here. Normalized by Γ 0 , it is
whered 1 is the normalized direction of dipole d 1 and i, j = x, y, z denote the Cartesian components of the dipole d 1 .
When the dipole is perpendicular to the interface, i.e., d 1 z, only i = z component is remained and
, where p ⊥ denotes the relaxation enhancement of dipole perpendicular to the surface. Similarly, the case of dipole parallel to the surface is computed as p . Both p ⊥ and p are numerically calculated and shown in Fig. 2(b) . Here, the GF reflected by the surface interferes with the free GF, so the relaxation rate (or the lifetime) oscillates with a period of half wavelength of the photons from NV center electric dipole.
For dipoles with angle α with z axis, Eq. (8) is simplified as
There are dipoles of various directions in NV center ensemble, and the lifetime measurement in experiment gets the average lifetime of all kinds of dipoles.
IV. NV CENTERS NEAR TO METAL SURFACE
The metal with negative dielectric coefficient supports SPPs when ε metal < −ε dielectric . Dipoles near to metal surface can couple to SPPs and have large spontaneous damping rate. Two dipoles near metal surface can also have stronger coupling through the SPPs compared to that through the electromagnetic field in free space. Array of NV centers can be generated with well designed ion-implantation techniques and metal film can be deposited with controllable thickness. These techniques promise that array NV centers in diamond can be applied in the study of SPP enhanced electric dipole-dipole interaction for quantum information and energy transfer.
For the interface between dielectric material with dielectric constant ε 1 and metal material with dielectric constant ε 2 , the SPP modes have a wave vector
where k 0 = 2π/λ 0 is vacuum wavevector, k 1 = 2π/λ 1 is wave vector in dielectric material and λ 1 = λ 0 /n is the wavelength in diamond here. For NV centers in diamond, the zero phonon line (ZPL) is λ 0 = 637.2 nm. The dielectric coefficient of Au is ε 2 = −10.85 + 1.27i at this wavelength [35] . The imaginary part of the dielectric coefficient results in both phase change and absorption. ε 1 = 5.847 is the dielectric coefficient of diamond. So, in this system the SPP mode has a wavelength λ sp = 181.5 nm.
The coherent coupling and collective relaxation of two dipoles on metal surface are shown in Fig. 3 . The case of both dipoles perpendicular to the surface, i.e., d 1 ||z, d 2 ||z, is shown in Fig. 3(a) , while Fig. 3(b) is for d 1 ||x, d 2 ||x. Here, we consider only the scattering GF induced coupling. In principle, the free space coupling should be added to get the total coupling. However, it can be neglected when the dipoles are near to surface and the distance between two dipoles are not very small. We can see that the coupling is much stronger than that in free space or on dielectric surface. Since the SPP modes have approximate analytic solutions [36, 37] , the approximated expression of relaxation and coupling can also be expressed as
≈ c 1 Im[c 2 ie
≈ c 1 Re[c 2 ie
The approximation results of Eq. (12) and Eq. (14) are also plotted in Fig. 3 (a)(b) for two dipoles both with 20 nm depth, where c 1 and c 2 are complex coefficients independent of x.
We can see that it is indeed a good approximation when the dipole depth is much smaller than the wavelength. The coupling coefficient will increase when the two dipoles approach the metal surface. As we can see in Fig. 3(b)(c) , the coupling becomes stronger when the distance z decreases. The oscillating period of coupling coefficient is the surface plasmon wavelength λ sp . The line for infinite distance is the total coupling coefficient of two dipoles in dielectric material. The case for the silver surface is also studied. The coupling and relaxation of both dipoles parallel and perpendicular to surface are plotted in Fig. 3(e)(f) . The dielectric constant of silver is ε Ag = −14.69 + 1.21i [35] at the wavelength of the ZPL of NV center.
The lifetime of a dipole near to metal surface is shown in Fig. 2(c) . When the distance away from the metal surface is at the scale of wavelength, the lifetime of a dipole is modulated by the interference. At this time, the dipoles mainly emit free photons mostly. It is similar to the case of dielectric material. When the dipole is approaching the metal with distance much less than λ 1 /2, it couples to the SPP modes and the lifetime decreases very much. When distance z is very small, there is dipole emission quenching. The dielectric coefficient model of metal used here will be invalid, and thus the lifetime of dipole can not approach to 0 when z → 0. 
V. NV CENTERS NEAR TO METAL FILM
When the metal material is a film with thickness much less than wavelength, the SPP modes on both sides of the film can affect the dipole-dipole interaction and the lifetime of a single dipole. The lifetime of NV center dipoles on metal film surface (downside of the film is air) is shown in Fig. 2(d) . When the thickness of film d > 50 nm, the lifetime of a dipole stays the same as that on metal surface. For the case of a dipole perpendicular (d 1 ||z) to gold surface, when 10 nm < d < 50 nm, the SPP modes on the downside of the film can couple to the dipole and reduce the lifetime. The lifetime is decreased to a minimum when d 10 nm. When the thickness d < 10 nm, the bounding of light to SPP modes becomes weaker, and the lifetime increases. Lifetime of dipoles parallel to gold film surface and lifetime of dipoles on silver film surface are also shown. For these cases, the lifetime reduces to minimum at a smaller thickness (about 5 nm), and other behaviors keep the same. The film thickness dependence of dipole-dipole interaction near to symmetrical metal film is shown in Fig. 4(a)(b) . And  Fig. 4(c)(d) are some line cuttings of Fig. 4(a)(b) with certain thicknesses. It can be seen that, with the decrease of the film thickness, the frequency of the SPP increases.
For symmetrical metal film with same dielectric constant on both sides, the coupling between two dipoles is induced by free electromagnetic field modes in diamond, symmetrical SPP mode and asymmetrical SPP mode of the metal film. To show this, the Fourier transform of the coupling strength on the symmetrical metal film with thickness 30 nm is shown in Fig. 5(a) . The three maxima corresponds to three modes at spatial frequency 0.0038/nm, 0.0043/nm, and 0.0081/nm, with effective refractive indices 2.426, 2.745, and 5.170, re- spectively. It is analyzed that they are free mode, symmetrical mode and asymmetrical mode respectively. The cases for film thickness with d = 5 nm, 10 nm, 15 nm, 20 nm and 30 nm are also calculated. The symmetrical and asymmetrical modes are shown in Fig. 5(b) . The solid and dashed lines in Fig. 5(b) are the numerical solutions of the dispersion equation of symmetrical metal film for SPP modes [38] . It can be seen that they match very well and verifies our analysis.
The coherent coupling coefficient of two dipoles on asymmetrical metal planar waveguide is also studied. The result is shown in Fig. 6 . Here, the material below the gold film is changed from diamond to air, as in Fig. 1 . The phenomenon of coupling on asymmetrical waveguide is similar with that on symmetrical waveguide. 
,! (12) /! Fig. 7 shows the enhancement of coherent coupling and the energy transfer for the two dipoles in diamond on asymmetrical gold film surface. The Ω (12) and Γ 12 normalized by Γ is shown in Fig. 7(a) . Here, we choose the total decay rate Γ of the dipole near the metal film as the normalizing constant, so we can see at which displacement that the coupling exceeds the decay rate. It can be seen that Ω (12) /Γ surpasses 1 only for distance less than 25 nm, which means that both the coupling and relaxation are enhanced by SPPs. The normalized energy transfer rate (nETR) between two dipoles are defined as [39] nET R = Γ (12) /Γ (12) 0 ,
where Γ (12) is the collective relaxation in the presence of the metal film and Γ (12) 0 is the collective relaxation in isotropic homogeneous medium (i.e., diamond here). The results are shown in Fig. 7(b) . It's noted that the dipole directions of NV centers are fixed, which is different from fluorescent molecules. For two fluorescent molecules, the acceptor dipole is induced by the field from the donor dipole [33, 39] . The nETR should be averaged over various dipole directions [5] . Thus the nETR defined here for two NV center dipoles is a little different. Here, the two dipoles are with determined direction and the nETR has sharp points when Γ (12) 0 = 0. The energy transfer rate has been increased by tens of times for both d 1 ||d 2 ||z and d 1 ||d 2 ||x for most of distances between the dipoles. Also, nETR for d 1 ||d 2 ||x keeps large with distance of 2 µm and is larger than that for d 1 ||d 2 ||z. This distance is the same as the distance between array of NV centers generated by current techniques of ion implantation [25, 26] .
VI. DISCUSSION AND CONCLUSION
In conclusion, we have investigated the enhanced electric dipole-dipole interaction near to various surfaces, especially near to the metal planar film. Starting from the general theory of GF method for stratified media, the collective relaxation and coherent coupling of two dipoles of NV centers near to dielectric surface, metal surface and metal film are calculated. The results verify the enhanced electric-dipole coupling by SPPs on metal surface and provide a systematical result for experimental applications. Also, it is found that the waveguide thickness changes the coupling coefficients of two dipoles, through changing of the efficiency and ratio of the coupling of dipole emissions to different modes of waveguide. It thus provides a method to tune the coupling of two dipoles. Such a SPP enhanced dipole-dipole interaction in NV center system would be a promising experimental platform for the study of quantum information techniques and energy transfer.
